Chapter IIL.5
Field Theory without Relativity

Slower in its maturity

Quantum field theory at its birth was relativistic. Later in its maturity, it found
applications in condensed matter physics. We will have a lot more to say about the
role of quantum field theory in condensed matter, but for now, we have the more
modest goal of learning how to take the nonrelativistic limit of a quantum field
theory.

The Lorentz invariant scalar field theory
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(with A > 0 as always) describes a bunch of interacting bosons. It should certainly
contain the physics of slowly moving bosons. For clarity consider first the rela-
tivistic Klein-Gordon equation

,% @2 +mH®=0 (2)

for a free scalar field. A mode with energy E = m + ¢ would oscillate in time as
@& e~ Et, In the nonrelativistic limit, the kinetic energy & is much smaller than
the rest mass m. It makes sense to write ® (%, 1) = e~ ™ (X, 1), with the field ¢
oscillating much more slowly than e~™ in time. Plugging into (2) and using the
identity (8/81)e~ ™M (-- ) = e~ "Mi(_im + 8/0t)(- - ) twice, we obtain (—im +
8/81)2p — V2@ + m2p = 0. Dropping the term (3%/31*)¢ as small compared to
—2im(d/dt)¢p, we find Schrodinger’s equation, as we had better:
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By the way, the Klein-Gordon equation was actually discovered before
Schridinger’s equation.
Having absorbed this, you can now easily take the nonrelativistic limit of a

quantum field theory. Simply plug
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